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Abstract 

In this paper we investigate the one-dimensional Schrodinger operator L(q) with 
complex-valued periodic potential q when q 6 L 1 [0, 1] and q n = for n — 0, — 1, —2, 
where q n are the Fourier coefficients of q with respect to the system {e %2nnx }. We prove 
that the Bloch eigenvalues are {2nn + t) 2 for n 6 Z, t G C and find explicit formulas 
for the Bloch functions. Then we consider the inverse problem for this operator. 
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1 Introduction and Preliminary Facts 

Let L(q) be the operator generated in L,2{— oo, oo) by the expression 

-y (x) + q(x)y(x) (1) 

with a complex-valued periodic potential q. In 1980, Gasymov [4] proved the following 
remarkable results for the operator L(q) with the potential q of the form 

oo 

q(x) = E 1ne m \ (2) 
n=l 

where 

E I In |< oo. 

n 

Result 1: The spectrum S(L(q)) of the operator L(q) is purely continuous and 

S(L(q)) = [0,oo). (3) 



There may be second order spectral singularity on the continuous spectrum which must 

' n s 
2 • 



coincide with numbers of the form (^) 



Result 2: The equation 

-y (x)+ q(x)y(x) = ^ 2 y(x) (4) 



has a solution of the form 



oo 1 oo 

f(x, = e^(l + E — -7T E ^ a e lax ), (5) 

n— 1 ^ ~r ^Q_n 



l 
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where the following series converge 

oo ^ oo oo 

^ I w n,a | • 

n— l^a— n+1 n— 1 

Result 3: By the Floquet solutions (5) a spectral expansion was constructed. 
Result 4: It was shown that the Wronskian of the Floquet solutions 

f n (x) =: lim(n-2p)f(x,-p) 
and f(x, ^) is equal to zero and therefore they are linearly dependent: 

ft 

fn(x) = S n f(x,-). (6) 

It was proved that from the generalized norming numbers {s n } one can effectively reconstruct 
{q n }- That is, the inverse spectral problem was considered. 

Guillemin and Uribe [5] investigated the boundary value problem (bvp) generated on 
[0, 2ir] by (1) and the periodic boundary conditions when q E Q 2 , that is, q E ^[O, 2ir] and 
has the form (2). It was proved that the eigenvalues of this bvp are n 2 for n G Z and the 
corresponding root functions were studied. For the operator L(q) with the potential q E Q\ 
the inverse spectral problem was investigated in detail by Pastur and Tkachenko [7] and the 
alternative proofs of (3) were provided by Shin [8], Carlson [1] and Christiansen [2]. 

In this paper, we first prove that if q € Li[0, 1], q(x + 1) = q(x) and 

q n = 0, Vn = 0,-l,-2,..., (7) 
where q n = (q(x), e t27rnxS j an d .) is the inner product in L 2 [0, 1], then 

S(L(q)) = [0, oo), S(L t (q)) - {(2Tin + t) 2 :neZ} (8) 
for all t E C, where L t {q) is the operator generated in L 2 [0, 1] by (1) and the conditions 

y(l)=e it y(0),y(l) = e it y'(0). (9) 

It is well-known that (see [3, 6]) the spectrum S(L(q)) of the operator L(q) is the union 
of the spectra S(L t (q)) of the operators L t (q) for t E (— tt,tt}. Thus we prove (8) for more 
general case and as one can see from Theorem 1 that in a simple way. Moreover, we find 
explicit formulas for the Bloch functions and consider the inverse problem for this general 
case. The method of this paper is based on the following statements of our paper [9]: 

The large eigenvalues X n (t) and the corresponding normalized eigenf unctions ty nt t(x) 
of the operator L t (q) for q 6 L\ [0, 1] and t ^ 0, 7r, satisfy the following asymptotic formulas 

X n (t) - (2™ + t) 2 + O(^), * n , t (a;) - e *( 2 ™+')- + O(I). (10) 

n n 

These asymptotic formulas are uniform with respect to t in [p, n — p], where p E (0, |) (see 
Theorem 2 of [9]). Furthermore, the following formulas hold (see (22) and (28) in [9]): 

(X n (t) - (2irn + t) 2 )(*„, t , e *( 2 ™+')*) = A m (\ n (t))(* n , t , e ^ n+t ^) + R m+1 {\ n {t)), (11) 

where 

fc=l,2,...,m 
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flfe(A) = ^ n [a-(2.(„-„ W)+ ^]' (13) 



n 1 ,n 2 ,...,ni s 



= 1.2,...,*; 



E« O O (city t p i(27r(n-n(m))+t)x\ l I I 

„ „ n [A-(2^-n( S )) +i)2 ] -° ( ^T } ' (M) 

' ' ' m s=l,2,...,m 

n(s) =: ni + n 2 H hn s (15) 

and t/ie summations in (13) and (14) are taken with the conditions n(s) ^ /or s = 1,2, .... 



2 On the Bloch Eigenvalues and Bloch Functions 

Denote by L^[0, 1] and L^[0, 1] the set of all q G £i[0, 1] satisfying (7) and q n = for 
n = 0,1,2, ...respectively. The formula (11) immediately give us the following 

Theorem 1 If q € iffO, 1] t/ien t/ie eigenvalues of Lt(q) fort G C are (27m + t) 2 , where 
n G Z. These eigenvalues for t ^ irk, where k G Z, are simple. The eigenvalues (27m) 2 /or 
n G Z\{0} and (27m + 7r) 2 /or n G Z are double eigenvalues of L (q) and L 7T (q) respectively. 
The theorem continues to hold if L\ [0, 1] is replaced by L^[0, 1]. 

Proof. Since at least one of the indices m, n,2, n/c, —n(k) (see (15)) is not positive 
number, by (7), (13) and (12) a k (X n (t)) = 0, A m (A n (f)) = for all k, m.Therefore in (11) 
letting m tend to infinity and then using (14) and (10) we obtain A„(t) = (27m + t) 2 for 
t G [p, 7r — p] and n > N{p) ^> 1. On the other hand A n (t) are the squares of the roots of 

F(p) = 2 cost, Vi G [p,7r - p], 

where -F(p) = <^ (l,p) + , /^) and ip(x,fi), 0(x, p) are the solutions of the equation (4) 
satisfying the initial conditions 0(0, p) = <p (0, p) = 1, 9 (0, p) = <p(0, p) = (see [3]). 
Thus the entire functions F(p) and 2 cos p coincide on {(27m + t) : t G [p, 7r — p}}. Therefore 
these functions are identically equal in the complex plane and hence the eigenvalues of L t (q) 
are the squares of the roots of the equation cosp = cost for all t € C. That is, in the case 
q G Lf[0, 1] the theorem is proved. The case q G L^[0, 1] can be proved in the same way ■ 
Now to consider the Bloch functions ^ ntt (x) corresponding to the eigenvalue (27m + 1) 2 
we use the equality 

((27m + t) 2 - (27r(n + p) + tf){^ ntU e i ^ n+p ^ x ) = (g*„ it , e <(2*(»+p)+t)*) ^ 

obtained from -% l t + q^ n ,t = (27m + t) 2 ^ n . t by multiplying e K^(n+ P )+i)x _ 

Theorem 2 Suppose q G L^[0, 1]. Let \& n ,t(x) be the eigenfunction of the operator L t {q) 
corresponding to the eigenvalue (2irn + t) 2 and normalized as 

(*„,t,e i(2 ™+^) = 1, (17) 

where t ^ nk for k G Z. Then 

*»,t(aO = e l(27Tn+t ^ + c p , n (ty {27T{n+p)+t)x , (18) 
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where 

c P At)=d p , n {t)( qp + p f: e - — ), (19) 

k=i ni,n 2 ,..,n t J] (27r(2n + p - n(s)) + 2t)2i:(n(s) - p) 

s=l 

<W(*) = -(27rp(27r(2n + p) + 2t))~ 1 /orp = 1,2, ... and 

{m,n 2 ,...,n s ,p-ni - n 2 - ••• -«,} C N =: {1,2,...,} (20) 

/or s = 1,2, ...,p— 1. 77ie theorem continues to hold if Lf[0, 1] is replaced by L\ [0, 1] and N 
m (^<¥j and is replaced by — N. 

Proof. Let \& n) t(a;) be the normalized eigenfunction of the operator corresponding 
to the eigenvalue (27m + 1) 2 and t ^ nk for k G Z. (In the end we prove that there exists 
an eigenfunction of the operator L t (q) satisfying (17). For simplicity of notation we denote 
it also by *„ >t ). Since the systems { e l< - 2ml+t > : n £ Z} and { e *(2™+*)* . n g Z | arc 
biorthogonal in ^[0, 1] we have 

#„,t(x) - ($ n|t)e i(2^+t)x) e i(2^n+t) a: = ^ ^ n)t)e i(27r(n+p)+t)x) e »(2 w (n+p)+t)x_ ( 2 1) 

P ez\{o} 

To find (*„ it ,e i ( 27r ( n+p )+*) a: ) we iterate (16) by using 

( 9 * n , t , e <(M»+ P )+i)*) = ^ g ni (* nit (a;), e «»+J-.i)+i)») ( 22 ) 

ni 

(see (14) of [9]). Namely, using (22) and (16) we get 

(*n,t, e ^ n+p ^ x ) = dp, n (t) ^ 9ni (* n , t , e '(2-(™+P-™i)+t)x ) . (23) 

Now isolate the terms in the right-hand side of (23) containing the multiplicand 

(^ n ,t,e l{27Tn+I)x ) which occurs in the case n\=p and use (23) for the other terms to get 

n n AT/ „i{2iT (n+p— ni— n-z)+i)x\ 
{ib i^ { n +P ) + t )x) = ^ (t)( ( ^ i( 2 TO+ *)x )+ J- ^ g " 2 7 M ' e — — . (). 

^—^ (2-7r(2n + p - ni) + 2t)27r(ni - p) 

Repeating thi_s process m times, that is, isolating again the terms containing the multiplicand 
{^ns,e l{2 ™ + ~ t)x ) which occurs in the case m + «2 = p and using again (23) for the other 
terms and doing this iteration to times, we obtain 

(*„,,, e *(M"+P)+i)*) = c Pi „(i)(M>„ ;t , e ^(2-+*)x) + rm; (24) 



/ \ 

g» 1 gn 2 -g» m (g^„,t,e'( 2 "("+P-"('"))+^) 

m 

I] [(27r(2n + p - n(*)) + 2l)27r(n( S ) - p)] 

\s=l / 



(25) 



where to > p, p — n(s) ^ for s = 1, 2, to. 

Now we prove that r m —> as m — > oo. By (20), nu > 1 for fc = 1,2,..., to and hence 
n(s) > s. Using this and taking into account that (g*„, t , e l ( 27r ( n +P-"M)+*) a: ) ^ as 
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to — > oo from (25) we obtain 



for m ^> 1, where M = sup n | g„ | . Clearly, there exists K(t) such that 

M 

(27r(2n + p - J) + 2i)27r(j - p) 



for s = 1, 2, m. Moreover, if s > 4(| n \ + | p |) then 

I M t-^ M M 

^' (2n(2n + p-j) + 2t)2ir(j-p) 1< ^1F < ^' ( ' 

Now using (26)-(28) we obtain 

dp >n (i) | M m - 4 d"l+lpl)(if (t)) 4 (l"l+H) 



4(|n| + |p|)(4(|n| + |p|) + l)...(m-l) 
which implies that r m — > as to — > oo. Therefore in (24) letting m tend to infinity we get 

(*„,t, e i ( 2 -("+f)+*)-) = cp in (t)(* n , t) e *( 2 ™+')*). (29) 

This with (21) shows that (\I/ njt , e I< - 27rn+t - ):l: ) =^ 0. Therefore, there exists eigenfunction, de- 
noted again by ^ n ,t, satisfying (17) and for this eigenfunction, by (29), we have 

^ nue ^ +p)+ t )x) = Cpn{t y (3Q) 

The indices ni,ri2, ...,nk,p — n{k) taking part in the expression of c p ^ n (t) (see (19)) satisfy 
(20). Therefore if p < 0, then the set of these indices is empty, that is, the first term on the 
right-hand side of (24) does not appear at all. Hence, from (24) using the relation r m — > 
as to — > oo we obtain 

(*„,*, e *(2*(»+p)+t)*) = 0j V p < 0. (31) 

Thus (18) for q G i+[0, 1] follows from (21), (17), (30) and (31). The case q G L7/[0, 1] can 
be considered in the same way. ■ 

3 On the Inverse Problem 

First consider the Floquet solutions of the equation (4) defined by 

*(a;,/i) = * n , t (aO (32) 

for /i = (2-Kn + i), where n e Z, Ret 6 (— w, n] and ty n j(x) is studied in Theorem 2. Since 
*n,t( a; ) satisfies (9), we have 

* n , t (a; + m) = e itm tt„, t (aO 

for all a; G (— oo, oo) and m 6 Z. This with the equality Im^i = Inii implies that 

\I/(a;,/i) G ^2(0,00), ^(x, — /x) G L2(— 00, a) for Im^, > and a G (—00,00). Therefore 
repeating the arguments of [4] one can obtain the spectral expansion. Note that we con- 



G 



struct the Floquet solution for more general case and by the other method (see Result 2 in 
introduction). 

Now we consider the inverse problem as follows. We write the Fourier decomposition of 
^n tt (x) and ^_„._ t (x) in the form 

* n ,t(x) = J2 c P ,n(t)e i{2n{n+p)+t)x , *-n,-t(a;) = ]T c p ,- n {-tY {27l[ - n+p) ~ t)x , (33) 
where, by Theorem 2, c p>n (£) for p > is defined by (19) and 

C0,n(t) = l, Cp, n (t) = 0, Vp<0. (34) 

First we show that 

lim SntTrc2n+ P -n(-t) = c Pi „(0)s 2n , Vp > -2n, (35) 



lim 4(2n + l)(t - Tr)nc 2n+p+1 ,-«(-*) = c p , n (7r)s 2 n+i, Vp > -2n - 1, (36) 

t — >7T 



where 



s n = q n + 2^S k (n), S k (n) = ^ ~ , n = l,2,... (37) 

fc=i ni,n 2 ,...,n fc fj (27rn(s))27r(n - n(s)) 

8=1 

(see Lemma 1). Then using these equalities we prove that 

Iim8n7rftf_ n _ t (ar) = s 2n ^ nfi {x),Mn > h (38) 
lim 4(2n + l)(i - 7r)7rtf _„,_*(&) = s 2 n+i* Vn > (39) 

t— >7T 

(see Lemma 2 and Theorem 3). Due to (32) and (6) {s n } is the sequence of the norming 
numbers. Finally, we investigate the property of the norming numbers and consider the 
question when {s„} may be a sequence of the norming number for the operator L(q) with 
potential q G Lf[0, 1] (see Theorem 4, Proposition 1 and Corollary 1). 

Lemma 1 The equalities (35) and (36) hold for all n > 1 and n>0 respectively. 

Proof. The proof of (35) for p = —2n follows from (34). From the definition of dp, n (t) 
(see Theorem 2) we see that 

d 2n+p - n (0) = dp, n (0), \im8nirtd 2n -n(-t) = 1, (40) 

lim 8nirtd 2 n+p-n(-t) =0, Vp ^ 0, -In. (41) 

Therefore by (19) and (37) we have 

lim8TwrtC2„,-n(-£) = s 2n . 

Thus the proof of (35) for p = also follows from (34). 

To prove (35) in the more complicated cases p ^ 0, — Iti we rewrite C2n-\-p,—n(, — £p,n(0) 



7 



and S2n in the following form 

2n+p-l 

C2n+p,-n(-t) = ^ D k(-t), D (-t) = d 2 n+p,-n(-t)q2n+p, (42) 
k=0 

D k {-t)= £>*(-*, m,»2, ...,«*)> Vfc>0, (43) 

ni,n 2 , •••,«(: 

„ , , \ d2n+ P ,-n{ — t)qn i qn 2 --- c ln k q2n+p-n(k) .... 

D k (-t,n 1 ,n 2 , -,n k ) = — ^ — , (44) 

n (2tt(p - n(s)) - 2i)27r(n(s) -2n-p) 

p-1 

Cp,n(0) = ^ JT,-, F = dp, n (0)g p) (45) 

^•=dp,n(0) £ <J ni qu 2 ...q nj q P -nU) _ (4g) 

ni,n 2 ,..., nj j] (2?r(p - n(s)))27r(n(s) - 2n -p) 

s=l 

2n-l 

S2n = £ Ei, E = q 2n , Ei = £ E(m 1 ,m 2 ,...,m i ), (47) 

i— m\.m^,...,rai 

„/ s qmiqm2---Qmiq2n—m(i) / A n\ 

E(mi,m 2 ,...,mi) = — . (48) 

fl (27rm(s))27r(2n - m(s)) 

8=1 

lim8n7rt£)o(-*) =0. (49) 

Now let us investigate Dk{~t) for 1 < k < 2n + p — 1 and p ^ 0, — 2n. By (44), (7) and 
by (15) and (20) we have 2n + p — n(k) > and n(s) < n(k) for s < k . Therefore the 
multiplicand n(s) — 2n — p of the denominator of the fraction in (44) is a negative integer: 

n{s)-2n-p<0 (50) 

for s = 1, 2, fc. To investigate the other multiplicand p — n(s) consider the cases: 
Case 1: — 2n < p < 0. Since n(s) > 0, we have p — n(s) ^ 0. This with (50) gives 

]ha8nwtD k (-t) = 0. 

t-vO 

Therefore (35) follows from (34), (42) and (49). 

Case 2: p > 0. One can readily see that D k (—t) can be written in the form 

p-i 

D fc (-t) = £ IM-t), (51) 
j=-i 

where Z)fe i _i(— t) and D k ,j{—t) for j > are the right-hand side of (43) when the summation 
is taken under conditions 

p-n(s) ^ 0, Vs = 1,2, ...k (52) 

and 

ni + n 2 + ... + n J+1 = p. (53) 



By (41) 
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respectively. By (52), (50) and (44) we have 

Hm8n7rfD fc = 0. (54) 

Now consider D k j(—t) for j > 0, i.e., assume that (53) holds. The indices m, n,2, nj + i 
satisfying (53) take part in D k ,j(—t) if and only if j + 1 < k < 2n + j, since n s > for all 
s = 1, 2, ... and 2n + p - n(k) > (sec (44)). Therefore 

D ktj (-t) = (55) 

for k < j and for k > 2n + j. Thus it remains to consider D kt j(—t) for j > and 

j + 1 < k < 2n + j. If (53) holds then rij + i = p — n(j) and by (44) the expression 
D k (— t, n\, ri2, rife) can be written as product of 

^2n+p,— n ( t)Qni Qrt2 •••Qrij Qp—n(j) 

fl (2?r(p - n(s)) - 2t)27r(ra(s) - 2n - p) ) 8n7rf 
and 

Qnj + 2Qnj + 3---Qn k Q2n-nj + 2-rij +3 -...-n k 

1] (27r(n fe+2 + rife+3 + ... + n s ))2?r(2n - n fc+2 - n fc+3 - ... - n s ) 

s=j+2 

The last expression is E(m\, m2, m,k-j-i) for mi = rij+2, rri2 = rij+s, m k -j-i = n k 
(see (48)). Using this and (40) and taking into account that p — n(s) ^ for all s ^ j + 1 
(see (53) and use the inequality n s > for all s = 1, 2, ... ) we obtain 

lim 8nirtDkj(— t) = Fj ^ E(mi, ni2, m k -j-i). 

mi,ro2,...,nn_,-i 

This with (55), (47) and (45) implies that 

2n+p-l 2n+j 

lkri8mrt ^ D k j(-t) = Fj ^ ^fe-j-i = -FjS2n, 
fe=o fe=j'+i 

p— 12n+p— 1 p— 1 

lim 8n7rf D fej - = s 2 ™ fj = s 2 „Cj, : „(0). 

j=0 fc=0 j=0 

Thus (35) follows from (42), (51) and (54). In the same way one can prove (36) ■ 
Lemma 2 For any n > 1 and n > t/iere exist constants K and L such that the inequalities 
8nirt | (gtf _„,_(, e^ 2 ™-*)*) |< X, VmeZ (56) 

and 

4(2n + l)7r(7r - t) | (<f*_ n ,-t, e^ 27 """'^) |< L, VmeZ (57) 
ftoid /or t e (0, |) and /or t€ [§, 7r) respectively. 

Proof. Let us prove (56) for t E (0, §). Since (q(x)*_ n ,_ t (a;), e'' 2 ™ _t)l ) tends to zero 
as \m\ — > oo, there exists a constant C(t) and integer fco(i) such that 



max 

mez 



(g^)*^,.^),^ 2 ™-')*) = Ms)*-^*),^ 2 ** -*)*) =C(t). (58) 
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Let I be an integer such that 



k 2 2M ' 

k>l 



where M is defined in (26). Using (58), (22) and then (30), (59) we obtain 



C(t) = (qV^-ue^ -^) 



< 



m:\ko— m|<|n|+i 



(60) 



, V qMx^M^x),^^^-™^*) C(t) 

1 L> (-27rn - i) 2 - (27r(fc - m) - t) 2 1 2 ' 

m:|fco-m|>M+( V I \ \ u II 

where 

S = M l C -n.p(-*)l- ( 61 ) 

p:|p|<2|n|+; 

On the other hand, from (19) and (20) one can readily see that there exists a constant c 
such that 8nirt \c- ntP (—t)\ < c for all p with | p |< 2 | n | +1. Moreover the number of the 
summands in (61) is less that 2(2 | n \ +1 + 1). Therefore 8mrf | S |< 2M(2 | n \ +1 + l)c. 
This inequality with (60) implies that 

8nirtC(t) < 2M(2 \n\+l + l)c + 

that is, (56) holds for K — 4M(2 | n \ +1 + l)c. In the same way we prove (57). ■ 
Theorem 3 If q € Z/f [0, 1] i/ien (38) and (39) hold for n > 1 and n > respectively. 
Proof. From (30), (16) and Lemma 2 it follows that 

Snirt |cp,_ n (-i)| =| 8n7rtdp,_ n (-t)(g*_ ni _ t , e *( 2 "(-"+f)-*)-) |< X | dp,_„(t) | (62) 
for t £ (0, f). Therefore the series 

8»wrt* _„,_ t (a;) = Smrfe^ 27 ™-^ + ^ Smrfcp.-^-t)^ 2 ^-"-^-*^) (63) 



(see (18)) converges uniformly with respect to x G [0, 1] and i 6 (0, ^]. Thus, in (63) letting 
t tend to zero and using equality (35) we get the proof of (38). To prove (39) instead of (35) 
and (56) we use (36) and (57) and repeat the proof of (38). ■ 

From (38) and (39) we define the norming numbers s n for n = 1, 2, ...By (37) 

Sl = qi , S2 = q2 + —, as = qs + — + —,.... (64) 
Thus if the norming numbers s n for n = 1, 2, ... are given then one can define recurrently 

s? sis 2 3s? 

?i = ai, 02 = S2 - j^,qs = s 3 - ^ + (65) 

Now we are ready to prove the main result of this section. Let S be the set of all 
sequences {s n } for which there exists s e £i[0, 1] with (s(x), e l27Tnx ) = s n for all n = 1,2, .... 

Theorem 4 For every o 6 L+[0,1] i/ie sequence {s n } of norming numbers is an element 
of S. Conversely, for any sequence {s n } from S there exists unique q e L\ [0,1] such that 
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the sequence of the norming numbers of L(q) coincides with {s n } if and only if the solutions 
qi, q 2 , ... of (37) is a bounded sequence. 

Proof. Since | q n < M for all n, where M is defined in (26), from (37) we obtain 

M 2 ™ _1 1 



In the same way we get 



M k+1 fn-l 1 Y 



Now using the obvious inequality 

n-1 



2(1 + Inn) 
from (37) we obtain that 

s n - <7n = 0(n _1 Inn). (69) 

Therefore there exists p € L2 [0, 1] such that (p(x) , e i27mx ) = s n —q n for all n = 1,2,.... Then 
the function s(x) = p(x) + q(x) belongs to £i[0, 1] and (s(x), e l27Tnx ) = s n for all n = 1, 2, 
that is, {s n } G 5. 

Now suppose that {s„} G 5 and the solutions qi,q 2 , ■■■ of (37) is a bounded sequence. 
Then there exists a constant C such that | q n \< C forn = 1, 2, ... Instead of M using C and 
repeating the proof of (69) we see that {q n } G S. Therefore there exists unique q G L^[0, 1] 
such that the sequence of the norming numbers of L(q) coincides with {s„}. ■ 

It remains to find the conditions on the sequence {s n } of norming numbers such that 
the sequence {q n } defined from (37) is bounded. Below we present an example by using the 
following obvious inequality 

n— 1 

g;^o<l>Vn>l. (70) 

which follows from (68) for n > 5 and can be verified by calculations for n < 5. 
Proposition 1 If the sequence {s n } of norming numbers satisfies the inequality 

\s n \<2Tr-— -, Vn=l,2,... (71) 

then for the sequence {q n } defined from (37) the following estimations hold 

q m |< 2tt, Vm = 1,2,... (72) 

Proof. Let us prove (72) by induction. It follows from (65) that (72) holds for m = 1, 2. 
Assume that (72) holds for m < n, where n > 2. Then q m \< 2ir for m < n. The indices 
m, n 2 , nfe, n — n^ taking part in the expressions of Sk(n) for fc = 1, 2, n — 1 (sec (37)) 
less that n, since they are positive numbers and their total sum is n. Therefore by assumption 
of the induction the Fourier coefficients taking part in those expressions satisfy (72). Thus 
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in (67) instead of M taking 2tt and then using (70) we get 

1 (2ir) k+1 2ir 



fe=i fe=i v ; 



This with (37) and (71) implies that | q n \<\ s n \ < 2?r ■ 

Theorem 4 with Proposition 1 implies 

Corollary 1 For any sequence {s n } € S satisfying (71) there exists unique q € Lf[0, 1] 
such that the sequence of the norming numbers of L(q) coincides with {s n }- 



References 

[1] R. Carlson, A note on analyticity and Floquet isospcctrality. Proc. Amer. Math. Soc. 
134, 5, 1447-1449 (2006) 

[2] T. Christiansen, Isophasal, isopolar, and isospectral Schrddinger operators and elemen- 
tary complex analysis. Amer. J. Math. 130 (2008), 1, 49-58 (2008). 

[3] M. S. P. Eastham, The Spectral Theory of Periodic Differential Equations. Edinburg. 
Scottish Academic Press 1973. 

[4] M. G. Gasymov, Spectral analysis of a class of second-order non-self-adjoint differential 
operators, Funktsional Anal, i Prilozhen 14, 14-19 (1980). 

[5] V. Guillcmin and A. Uribe, Hardy functions and the inverse spectral method, Comm. 
Partial Differential Equations, 8, 1455-1474 (1983). 

[6] D. McGarvey, Operators commuting with translations by one. Part II. Differential oper- 
ators with periodic coefficients in L p (—oo, oo), J. Math. Anal. Appl. 11, 564-596 (1965). 

[7] L. A. Pastur and V. A. Tkachenko, An inverse problem for a class of one-dimensional 
Schrddinger operators with complex periodic potential. (Russian) Izv. Akad. Nauk SSSR 
Ser. Mat. 54, 6, 1252-1269 (1990). 

[8] K. C. Shin, On half-line spectra for a class of non-self-adjoint Hill operators. Math. 
Nachr. 261/262, 171-175 (2003). 

[9] O. A .Veliev and M. Toppamuk Duman, The spectral expansion for a nonself-adjoint 
Hill operators with a locally integrablc potential, Journal of Math. Analysis and Appl. 
265, 76-90 (2002). 



